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Abstract. The number of m x n zero-one matrices without consecutive ones in any row or 
column is expressed in terms of a system of recurrence relations. 
A well-known combinatorial result states that the number of binary (0,l) sequences without 
consectutive ones can be expressed in terms of a recurrence relation involving the Fibonacci 
numbers (see page 14 of [l]). M ore precisely, the Fibonacci numbers are defined by the 
following second order linear recurrence relation: 
{ 
Fl = 1 F2 = 1 
F, = F,-1 + Fn-2 (n > 2). 
Then the number of binary sequences of length n without consecutive ones is F,,+z. 
Let T,,,,,, denote the number of m x n zero-one matrices without consecutive ones in any 
row or column. In such a matrix an entry of one is surrounded by zeros on all sides. We will 
show that T,,,, can be expressed in terms of a system of Ii;n+z recurrence relations. Special 
cases will be shown to reduce to a single recurrence in one variable. 
Define T,,, = 1. Next Tm,l is the number of m x 1 column matrices (vectors) without 
consecutive ones. Hence, by the classical result 
T m,l = Fm+2. 
Denote the column matrices (vectors) by 
For each L, 1 5 Ic 5 F,,,+2, define 
Sk = {j : Aj . Ak = 0}, 
where Aj - Ak denotes the dot product of the column vectors. The set Sk consists of the 
indices of those column matrices Aj that can be augmented to Ak to form a m x 2 matrix 
without consecutive ones in any row or column. This follows since the dot product is zero 
if and only if there are no consecutive ones. We can repeat the construction for each Aj 
that is augmented and extend the matrix to any number of columns. With this in mind, we 
define a system of Fm+2 recurrence relations. For each L, 1 5 E 5 F,,,+2, let 
ak,l = 1 
ak,n = c aj,n-i 
(n > 1). 
desk 
Observe that ek,n counts the total number of m xn zero-one matricies that can be constructed 
starting with the first column Ak. Summing over the F,+s possible first columns, we obtain 
the following result: 
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THEOREM. Let T,,.,,n denote the total number of m x n zerc+one matrices without consecutive 
ones in any row or column. Then T,,, can be represented by a system of F,,,+2 recurrence 
relations as follows: 
T -1 m,O - 
F,+, 
T m,n = c ak,n (n 3 1). 
k=l 
Consider the following special cases: 
Casem=l 
T1,, = a I+ + a2,n 
Let Al = [0] and A2 = [l]. Then S1 = {1,2} and S2 = (1). Hence, TI,, can be expressed 
by the system of recurrence relations, 
al,, = al,,-1 + a2,n-1 
a2,n = al,,-1. 
By applying this system we can express Tl,* in terms of a single variable as follows: 
TI,, = a I,~ + a2,n 
= al,,-1 f a2,+1 + al,,-1 
= Tl,n-I + T1,n-2. 
This, of course, is the Fibonacci recurrence relation. 
Casem=2 
T2,,, = al,, -I- a2,n + as,,, 
Let 
Al= [;] A:!= [;] A3= [;I. 
Then 
Sl = {1,2,3) Sz = (1,3) s3 = {1,2}. 
Hence, T2,n in terms of the system of recurrence relations: 
i 
al,, = al,,-1 + a2,+1 + a3,+1 
qn = al,,-1 + a3,n-l 
a3,n = al,,-1 + qn-l. 
Again we can express T2,,, in terms of a single recurrence relation in one variable as follows: 
Tz+ = 3al,,,-l + ‘h,+-l -t- 2a3,,-1 
= ~Tz,,+I + al,,-1 
= 2Tz,ra-1 + T2,n-2. 
Casesm=3andm=4 
These cases are more complicated, since to express the system of recurrence relations in 
terms of a single recurrence relation requires considering the full-history of at least one of 
the recurrence relations. The case m = 3 leads to a fourth order recurrence relation, while 
the case m = 4 involves one of the fifth order. 
The following table summarizes the single recurrence relations obtained from the system 
of recurrence relations for m = 1,2,3, and 4. 
Zero-one matrices 
pi 
The next table includes values of T,,,,,, for 0 5 m 5 4 and 0 5 n 5 8. 
T m,n 0 1 2 3 4 5 6 7 8 
0 1 1 1 1 1 1 1 1 1 
1 1 2 3 5 8 13 21 34 55 
2 1 3 7 17 41 99 239 577 1393 
3 1 5 17 63 227 827 2999 10897 39561 
4 1 8 41 227 1234 6743 36787 200798 1095851 
Open Problem: Determine a general recurrence relation in one variable for T,,,. 
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